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                \begin{document} $$\begin{aligned} \Vert f \Vert _{\mathcal{B}^{\alpha }( \Pi^{+})}:= \bigl\vert f(i) \bigr\vert + \sup _{z \in \Pi^{+}} ( \Im z)^{\alpha } \bigl\vert f'(z) \bigr\vert < \infty . \end{aligned}$$ \end{document}$$ With the norm ([1](#Equ1){ref-type=""}), the *α*-Bloch space is a Banach space. For Bloch-type spaces on various domains and operators on them, see, for example, \[[@CR1]--[@CR13]\] and the references therein. For a natural extension of Bloch-type spaces and for Zygmud-type spaces, see \[[@CR14]--[@CR16]\].
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                \begin{document} $$\begin{aligned} C_{\varphi }(f) (z)=(f \circ \varphi ) (z)\quad \text{for } f \in H( \Omega ). \end{aligned}$$ \end{document}$$
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                \begin{document}$\psi \in H(\Omega )$\end{document}$, the *multiplication operator* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$M_{\psi }$\end{document}$ is defined on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$H(\Omega )$\end{document}$ by $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} M_{\psi }f(z) = \psi (z) f(z)\quad \text{for } f \in H(\Omega ). \end{aligned}$$ \end{document}$$ The product of these two operators $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} W_{\varphi , \psi }=M_{\psi }\circ C_{\varphi } \end{aligned}$$ \end{document}$$ is the so-called *weighted composition operator*.

By *D* we denote the *differentiation operator*, that is, $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} D f = f',\quad f \in H(\Omega ). \end{aligned}$$ \end{document}$$

These concrete operators, along with some integral-type ones, are among those considerably studied, during the last five decades, on spaces of analytic functions on various domains in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}${\mathbb {C}}$\end{document}$ or domains in the complex-vector space $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}${\mathbb {D}}$\end{document}$. Much less papers consider the operators on spaces of analytic functions on other domains, including the upper half-plane. Even for some popular operators, such as the composition ones, up to the end of the previous century, there are no many papers on popular spaces such as $\documentclass[12pt]{minimal}
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                \begin{document}$\mathcal{B}(\Pi^{+})$\end{document}$ can be found in note \[[@CR21]\]. For related investigations of composition or weighted composition operators on some other spaces, see \[[@CR14], [@CR15], [@CR22]--[@CR25]\]. Let us mention that the behavior of composition operators on spaces of analytic functions in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$\mathbb{D}$\end{document}$ induces a bounded composition operator on the corresponding Hardy space, which is not always the case on the space $\documentclass[12pt]{minimal}
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                \begin{document}$H^{p}(\Pi^{+})$\end{document}$ \[[@CR17], [@CR18]\].

From 1968 to 2005, experts more or less studied theoretic properties of only operators ([2](#Equ2){ref-type=""})--([5](#Equ5){ref-type=""}) and integral-type ones on spaces of analytic functions in terms of their symbols. The only product-type operator among ([2](#Equ2){ref-type=""})--([5](#Equ5){ref-type=""}) is the weighted composition operator. Since 2005, some experts started studying some other product-type operators. The first product-type operators different from weighted composition ones that attracted some attention were the products of composition and differentiation operators (see, e.g., \[[@CR7], [@CR11], [@CR13], [@CR26]--[@CR29]\] and the references therein). Some generalizations of the products of composition and differentiation operators, containing iterated differentiation, have appeared soon after them (see \[[@CR12], [@CR30]--[@CR33]\]). Around 2008, Li and Stević have initiated studying products of integral and composition operators, including in some cases the differentiation operator, on spaces of analytic functions on $\documentclass[12pt]{minimal}
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                \begin{document}${\mathbb {D}}$\end{document}$ (see, e.g., \[[@CR34]\]), which have been considerably studied recently (see, e.g., \[[@CR3], [@CR35]--[@CR40]\]). For some other results and related product-type operators, see, for example, \[[@CR4]--[@CR6], [@CR35], [@CR41]--[@CR46]\].

To treat product-type operators consisting of exactly one composition, multiplication and differentiation operator in a unified manner, we have recently introduced a generalized operator and studied it on the weighted Bergman spaces (see \[[@CR45]\] and \[[@CR46]\]). See also papers \[[@CR5], [@CR42]\] on the operator on some other spaces of functions defined by $$\documentclass[12pt]{minimal}
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                \begin{document}$\varphi \in S( \mathbb{D})$\end{document}$.

It is clear that operator ([6](#Equ6){ref-type=""}) includes the composition, multiplication, differentiation, weighted composition, weighted differentiation composition, and many other concrete operators, including those in \[[@CR6], [@CR41], [@CR43]\], which are obtained by some concrete choices of the symbols $\documentclass[12pt]{minimal}
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                \begin{document}$\psi_{2}$\end{document}$, and *φ*. This is one of the reasons why the operator is of some importance for investigation.

So far the operator has not been considered between spaces of analytic functions on the upper half-plane. Here we start investigating the operator on such spaces by characterizing the boundedness and compactness of the operator between the Hardy and *α*-Bloch spaces on the domain, that is, of $\documentclass[12pt]{minimal}
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                \begin{document}$T_{\psi_{1} , \psi_{2} , \varphi }:H^{p}(\Pi ^{+})\to \mathcal{B}^{\alpha }(\Pi^{+})$\end{document}$. We provide a complete characterization of the compactness. The paper can be regarded as a continuation of our investigations in \[[@CR14], [@CR15], [@CR22]--[@CR25]\].

Throughout this paper, constants are denoted by *C*; they are positive and not necessarily the same at each occurrence. The notation $\documentclass[12pt]{minimal}
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Auxiliary results {#Sec2}
=================

First, we quote a point evaluation lemma, which is a folklore result (see, e.g., \[[@CR15], Lemma 3\]).

Lemma 1 {#FPar1}
-------
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The following lemma can be found in \[[@CR14], Lemma 2.1\].

Lemma 2 {#FPar2}
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To deal with the compactness of the operator $\documentclass[12pt]{minimal}
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                \begin{document}$T_{\psi_{1},\psi_{2}, \varphi }: H^{p}(\Pi^{+})\to \mathcal{B}^{\alpha }(\Pi^{+})$\end{document}$, in the lemma that follows, we give its characterization, which is typical for concrete operators between spaces of analytic functions. The thesis of Schwartz \[[@CR47]\] is one of the first sources that presents such a characterization for the case of a concrete operator, more precisely, for a composition operator. It is interesting that the proof of our present lemma is more complicated than those of the corresponding lemmas that we have had so for (for example, the lemma in \[[@CR24]\]). Hence we will present a detailed proof of the lemma.
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Lemma 3 {#FPar3}
-------
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In this section, we characterize the boundedness and compactness of the operator $\documentclass[12pt]{minimal}
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Theorem 4 {#FPar5}
---------
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Proof {#FPar6}
-----

First, suppose that conditions (i)--(iii) hold. Then by Lemma [1](#FPar1){ref-type="sec"} we have $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \Vert T_{\psi_{1},\psi_{2},\varphi } f \Vert _{\mathcal{B}^{\alpha }(\Pi^{+}) } & \lesssim \biggl( \frac{ \vert \psi_{1}(i) \vert }{(\Im \varphi (i))^{1/p}} + \frac{ \vert \psi_{2}(i) \vert }{(\Im \varphi (i))^{1 + 1/p}} + M_{1} + M_{2} + M_{3} \biggr) \Vert f \Vert _{H^{p}(\Pi^{+})}, \end{aligned}$$ \end{document}$$ from which it follows that $$\documentclass[12pt]{minimal}
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                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \Vert T_{\psi_{1},\psi_{2},\varphi } \Vert _{H^{p}(\Pi^{+}) \to \mathcal{B} ^{\alpha }(\Pi^{+}) } & \lesssim \frac{ \vert \psi_{1}(i) \vert }{(\Im \varphi (i))^{1/p}} + \frac{ \vert \psi_{2}(i) \vert }{( \Im \varphi (i))^{1 + 1/p}} + M_{1} + M_{2} + M_{3}. \end{aligned}$$ \end{document}$$
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                \begin{document}$T_{\psi_{1},\psi_{2},\varphi } : H^{p}(\Pi ^{+})\to \mathcal{B}^{\alpha }(\Pi^{+})$\end{document}$ is bounded. Consider the family of functions $$\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$$ f_{w}(z) = \frac{(\Im w)^{2 - 1/p}}{\pi^{1/p}(z - \overline{w})^{2}} - 4i \frac{(\Im w)^{3 - 1/p}}{\pi^{1/p}(z - \overline{w})^{3}} - 4 \frac{( \Im w)^{4 - 1/p}}{\pi^{1/p}(z - \overline{w})^{4}}, $$\end{document}$$ where $\documentclass[12pt]{minimal}
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Since the functions $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
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                \begin{document}$f_{w}$\end{document}$ are linear combinations of the functions in Lemma [2](#FPar2){ref-type="sec"} (for $\documentclass[12pt]{minimal}
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                \begin{document}$k=2,3,4$\end{document}$), from this by using the lemma it follows that $$\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
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                \begin{document} $$\begin{aligned} L_{1}:=\sup_{w\in \Pi^{+}} \Vert f_{w} \Vert _{H^{p}(\Pi^{+})}< \infty . \end{aligned}$$ \end{document}$$

We also have $$\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& f'_{w}(z) = \frac{-2(\Im w)^{2 - 1/p}}{\pi^{1/p}(z - \overline{w})^{3}} + 12i \frac{( \Im w)^{3 - 1/p}}{\pi^{1/p}(z - \overline{w})^{4}}+16 \frac{(\Im w)^{4 - 1/p}}{\pi^{1/p}(z - \overline{w})^{5}}, \\& f''_{w}(z) = \frac{6(\Im w)^{2 - 1/p}}{\pi^{1/p}(z - \overline{w})^{4}} - 48i \frac{( \Im w)^{3 - 1/p}}{\pi^{1/p}(z - \overline{w})^{5}}-80 \frac{(\Im w)^{4 - 1/p}}{\pi^{1/p}(z - \overline{w})^{6}}, \end{aligned}$$ \end{document}$$ from which with some simple calculation we obtain $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} f_{w}(w) = 0,\quad\quad f'_{w}(w) = 0 \quad \text{and}\quad f''_{w}(w) = \frac{1}{8 \pi^{1/p}(\Im w)^{2 + 1/p}}. \end{aligned}$$ \end{document}$$

Since $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$T_{\psi_{1},\psi_{2},\varphi }: H^{p}(\Pi^{+})\to \mathcal{B} ^{\alpha }(\Pi^{+})$\end{document}$ is bounded, we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \Vert T_{\psi_{1},\psi_{2},\varphi }f_{w} \Vert _{\mathcal{B}^{\alpha }(\Pi ^{+}) } &\leq \Vert T_{\psi_{1},\psi_{2},\varphi } \Vert _{H^{p}(\Pi^{+}) \to \mathcal{B}^{\alpha }(\Pi^{+}) } \Vert f_{w} \Vert _{H^{p}(\Pi^{+}) } \\ & \leq L_{1} \Vert T_{\psi_{1},\psi_{2},\varphi } \Vert _{H^{p}(\Pi^{+})\to \mathcal{B}^{\alpha }(\Pi^{+})} \end{aligned}$$ \end{document}$$ for every $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$w\in \Pi^{+}$\end{document}$.

Thus for each $\documentclass[12pt]{minimal}
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$\zeta \in \Pi^{+}$\end{document}$, we have $$\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} L_{1} \Vert T_{\psi_{1},\psi_{2},\varphi } \Vert _{H^{p}(\Pi^{+})\to \mathcal{B}^{\alpha }(\Pi^{+}) } & \geq (\Im \zeta )^{\alpha } \bigl\vert (T_{ \psi_{1},\psi_{2},\varphi }f_{\varphi (\zeta )})'( \zeta ) \bigr\vert \\ & = (\Im \zeta )^{\alpha } \bigl\vert \psi_{1}'( \zeta )f_{\varphi (\zeta )}\bigl(\varphi (\zeta )\bigr)+\bigl(\psi_{1}( \zeta )\varphi ' (\zeta )+ \psi_{2}'(\zeta )\bigr)f'_{\varphi (\zeta )} \bigl(\varphi (\zeta )\bigr) \\ &\quad {} + \psi _{2}(\zeta )\varphi ' (\zeta )f''_{\varphi (\zeta )}\bigl(\varphi (\zeta )\bigr) \bigr\vert \\ & = \frac{(\Im \zeta )^{\alpha } \vert \psi_{2}(\zeta )\varphi ' (\zeta ) \vert }{8 \pi^{1/p}(\Im \varphi (\zeta ))^{2 + 1/p}}. \end{aligned}$$ \end{document}$$ Since $\documentclass[12pt]{minimal}
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                \begin{document}$$ M_{3} = \sup_{\zeta \in \Pi^{+}}\frac{(\Im \zeta )^{\alpha } \vert \psi_{2}(\zeta ) \varphi ' (\zeta ) \vert }{(\Im \varphi (\zeta ))^{2 + 1/p}} \leq 8\pi^{1/p}L _{1} \Vert T_{\psi_{1},\psi_{2},\varphi } \Vert _{H^{p}(\Pi^{+})\to \mathcal{B}^{\alpha }(\Pi^{+})}. $$\end{document}$$

Now, consider the family of functions $$\documentclass[12pt]{minimal}
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                \begin{document}$$ g_{w}(z) = 12 \frac{(\Im w)^{2 - 1/p}}{\pi^{1/p}(z - \overline{w})^{2}} - 32i \frac{( \Im w)^{3 - 1/p}}{\pi^{1/p}(z - \overline{w})^{3}} - 24 \frac{(\Im w)^{4 - 1/p}}{\pi^{1/p}(z - \overline{w})^{4}}. $$\end{document}$$ Since the functions $\documentclass[12pt]{minimal}
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                \begin{document}$g_{w}$\end{document}$ are also linear combinations of the functions in Lemma [2](#FPar2){ref-type="sec"}, we have $\documentclass[12pt]{minimal}
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                \begin{document}$L_{2}:=\sup_{w\in \Pi^{+}} \Vert g_{w} \Vert _{H^{p}(\Pi^{+})} \le 1$\end{document}$.
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                \begin{document} $$\begin{aligned}& g'_{w}(z) = -24\frac{(\Im w)^{2-1/p}}{\pi^{1/p}(z-\overline{w})^{3}} + 96i \frac{(\Im w)^{3-1/p}}{\pi^{1/p}(z-\overline{w})^{4}} + 96 \frac{( \Im w)^{4 - 1/p}}{\pi^{1/p}(z - \overline{w})^{5}}, \\& g''_{w}(z) = 72\frac{(\Im w)^{2-1/p}}{\pi^{1/p}(z-\overline{w})^{4}} - 384i \frac{(\Im w)^{3-1/p}}{\pi^{1/p}(z-\overline{w})^{5}}-480 \frac{( \Im w)^{4 - 1/p}}{\pi^{1/p}(z - \overline{w})^{6}}, \end{aligned}$$ \end{document}$$ from which it follows that $$\documentclass[12pt]{minimal}
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                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ g'_{w}(w) = 0,\quad\quad g''_{w}(w) = 0, \quad \text{and}\quad g_{w}(w) =-\frac{1}{2 \pi^{1/p}(\Im w)^{1/p}}. $$\end{document}$$ Since $\documentclass[12pt]{minimal}
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                \begin{document}$T_{\psi_{1},\psi_{2},\varphi }: H^{p}(\Pi^{+})\to \mathcal{B} ^{\alpha }(\Pi^{+})$\end{document}$ is bounded, for each $\documentclass[12pt]{minimal}
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                \begin{document}$\zeta \in \Pi^{+}$\end{document}$, we have $$\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} L_{2} \Vert T_{\psi_{1},\psi_{2},\varphi } \Vert _{H^{p}(\Pi^{+})\to \mathcal{B}^{\alpha }(\Pi^{+}) } &\ge \Vert T_{\psi_{1},\psi_{2},\varphi }g_{\varphi (\zeta )} \Vert _{\mathcal{B}^{\alpha }(\Pi^{+}) } \\ & = (\Im \zeta )^{\alpha } \bigl\vert \psi_{1}'( \zeta )g_{\varphi (\zeta )}\bigl(\varphi (\zeta )\bigr)+\bigl(\psi_{1}( \zeta )\varphi ' (\zeta ) + \psi_{2}'(\zeta ) \bigr)g'_{\varphi (\zeta )}\bigl(\varphi (\zeta )\bigr) \\ & \quad {}+ \psi_{2}( \zeta )\varphi ' (\zeta )g''_{\varphi (\zeta )} \bigl(\varphi (\zeta )\bigr) \bigr\vert \\ & = \frac{(\Im \zeta )^{\alpha } \vert \psi_{1}' (\zeta ) \vert }{2\pi^{1/p}( \Im \varphi (\zeta ))^{1/p}}. \end{aligned}$$ \end{document}$$ Since $\documentclass[12pt]{minimal}
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                \begin{document}$$ M_{1} = \sup_{\zeta \in \Pi^{+}}\frac{(\Im \zeta )^{\alpha } \vert \psi_{1}' ( \zeta ) \vert }{(\Im \varphi (\zeta ))^{1/p}} \leq 2\pi^{1/p}L_{2} \Vert T_{\psi _{1},\psi_{2},\varphi } \Vert _{H^{p}(\Pi^{+})\to \mathcal{B}^{\alpha }(\Pi ^{+})}. $$\end{document}$$

Now, consider the family of functions $$\documentclass[12pt]{minimal}
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                \begin{document}$$ h_{w}(z) = 8\frac{(\Im w)^{2 - 1/p}}{\pi^{1/p}(z - \overline{w})^{2}} - 28i \frac{(\Im w)^{3 - 1/p}}{\pi^{1/p}(z - \overline{w})^{3}} - 24 \frac{( \Im w)^{4 - 1/p}}{\pi^{1/p}(z - \overline{w})^{4}}. $$\end{document}$$ Once again proceeding as before, we can show that $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& h'_{w}(z) = -16 \frac{(\Im w)^{2 - 1/p}}{\pi^{1/p}(z - \overline{w})^{3}} + 84i \frac{( \Im w)^{3 - 1/p}}{\pi^{1/p}(z - \overline{w})^{4}} + 96 \frac{(\Im w)^{4 - 1/p}}{\pi^{1/p}(z - \overline{w})^{5}}; \\& h''_{w}(z) = 48 \frac{(\Im w)^{2 - 1/p}}{\pi^{1/p}(z - \overline{w})^{4}} - 336i \frac{( \Im w)^{3 - 1/p}}{\pi^{1/p}(z - \overline{w})^{5}} - 480 \frac{( \Im w)^{4 - 1/p}}{\pi^{1/p}(z - \overline{w})^{6}}. \end{aligned}$$ \end{document}$$ Thus $$\documentclass[12pt]{minimal}
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                \begin{document}$$ h_{w}(w) = 0,\quad\quad h''_{w}(w) = 0 \quad \text{and}\quad h'_{w}(w) = \frac{i}{4 \pi^{1/p}(\Im w)^{1+1/p}}. $$\end{document}$$ Therefore by the boundedness of $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} L_{3} \Vert T_{\psi_{1},\psi_{2},\varphi } \Vert _{H^{p}(\Pi^{+})\to \mathcal{B}^{\alpha }(\Pi^{+}) } &\geq (\Im \zeta )^{\alpha } \bigl\vert \psi _{1}'(\zeta )h_{\varphi (\zeta )}\bigl(\varphi (\zeta )\bigr)+\bigl(\psi_{1}(\zeta ) \varphi ' (\zeta ) + \psi_{2}'(\zeta )\bigr)h'_{\varphi (\zeta )}\bigl(\varphi (\zeta )\bigr) \\ &\quad {} + \psi_{2}(\zeta ) \varphi ' (\zeta )h''_{\varphi (\zeta )} \bigl(\varphi (\zeta )\bigr) \bigr\vert \\ & = \frac{(\Im \zeta )^{\alpha } \vert \psi_{1}(\zeta )\varphi ' (\zeta ) + \psi_{2}'(\zeta ) \vert }{4\pi^{1/p}(\Im \varphi (\zeta ))^{1 +1/p}}, \end{aligned}$$ \end{document}$$ and consequently $$\documentclass[12pt]{minimal}
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                \begin{document}$$ M_{2} = \sup_{\zeta \in \Pi^{+}}\frac{(\Im \zeta )^{\alpha } \vert \psi_{1}(\zeta ) \varphi ' (\zeta ) + \psi_{2}'(\zeta ) \vert }{(\Im \varphi (\zeta ))^{1 + 1/p}} \leq 4\pi^{1/p}L_{3} \Vert T_{\psi_{1},\psi_{2},\varphi } \Vert _{H^{p}( \Pi^{+})\to \mathcal{B}^{\alpha }(\Pi^{+})}. $$\end{document}$$ Combining ([24](#Equ24){ref-type=""}), ([25](#Equ25){ref-type=""}), and ([26](#Equ26){ref-type=""}), we have $$\documentclass[12pt]{minimal}
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                \begin{document}$$ M_{1} + M_{2} + M_{3} \lesssim \Vert T_{\psi_{1}, \psi_{2},\varphi } \Vert _{H^{p}(\Pi^{+}) \to \mathcal{B}^{\alpha }(\Pi^{+})}, $$\end{document}$$ finishing the proof of the theorem. □

Corollary 5 {#FPar7}
-----------
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                \begin{document}$$ M_{4} = \sup_{z \in \Pi^{+}} \frac{(\Im z)^{\alpha }}{(\Im \varphi (z))^{1+1/p}} \bigl\vert \varphi '(z) \bigr\vert < \infty . $$\end{document}$$ *Moreover*, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} M_{4} \lesssim \Vert C_{\varphi } \Vert _{ H^{p}(\Pi^{+})\to \mathcal{B}^{ \alpha }(\Pi^{+})} \lesssim \frac{1}{(\Im \varphi (i))^{1/p}} + M_{4}. \end{aligned}$$ \end{document}$$

Corollary 6 {#FPar8}
-----------
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$1\le p<\infty$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\alpha >0$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$M_{\psi } C_{\varphi }: H^{p}(\Pi^{+})\to \mathcal{B}^{\alpha }(\Pi ^{+})$\end{document}$ *is bounded if and only if* $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& (\mathrm{i})\quad M_{5}= \sup_{z \in \Pi^{+}} \frac{(\Im z)^{\alpha }}{(\Im \varphi (z))^{1/p}} \bigl\vert \psi '(z) \bigr\vert < \infty , \\ & (\mathrm{ii})\quad M_{6} = \sup_{z \in \Pi^{+}} \frac{(\Im z)^{\alpha }}{(\Im \varphi (z))^{1 + 1/p}} \bigl\vert \psi (z)\varphi ' (z) \bigr\vert < \infty . \end{aligned}$$ \end{document}$$ *Moreover*, $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} M_{5} + M_{6} & \lesssim \Vert M_{\psi } C_{\varphi } \Vert _{ H^{p}(\Pi^{+}) \to \mathcal{B}^{\alpha }(\Pi^{+})} \lesssim \frac{ \vert \psi (i) \vert }{( \Im \varphi (i))^{1/p}} + M_{5} + M_{6}. \end{aligned}$$ \end{document}$$

Corollary 7 {#FPar9}
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Corollary 9 {#FPar11}
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Corollary 13 {#FPar15}
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Corollary 14 {#FPar16}
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Corollary 15 {#FPar17}
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Theorem 16 {#FPar18}
----------
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                \begin{document} $$\begin{aligned}& (\mathrm{i})\quad \lim_{\varphi (z)\to \widehat{\partial \Pi ^{+}}}\frac{(\Im z)^{ \alpha }}{(\Im \varphi (z))^{1/p}} \bigl\vert \psi_{1}'(z) \bigr\vert = 0, \\& (\mathrm{ii})\quad \lim_{\varphi (z)\to \widehat{\partial \Pi ^{+}}}\frac{(\Im z)^{ \alpha }}{(\Im \varphi (z))^{1 + 1/p}} \bigl\vert \psi_{1}(z)\varphi ' (z) + \psi _{2}'(z) \bigr\vert = 0, \\& (\mathrm{iii})\quad \lim_{\varphi (z)\to \widehat{\partial \Pi ^{+}}}\frac{(\Im z)^{ \alpha }}{(\Im \varphi (z))^{2 + 1/p}} \bigl\vert \psi_{2}(z)\varphi ' (z) \bigr\vert = 0. \end{aligned}$$ \end{document}$$

Proof {#FPar19}
-----

Assume that the operator is bounded and conditions (i)--(iii) hold. Then by Theorem [4](#FPar5){ref-type="sec"} the quantities $\documentclass[12pt]{minimal}
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                \begin{document}$\varphi (z) \in \Pi^{+} \setminus K$\end{document}$.
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                \begin{document} $$\begin{aligned} &(\Im z)^{\alpha } \bigl\vert (T_{\psi_{1},\psi_{2},\varphi } f_{n})'(z) \bigr\vert \\ &\quad \leq (\Im z)^{\alpha } \bigl\vert \psi_{1}'(z)f_{n} \bigl(\varphi (z)\bigr)+\bigl(\psi_{1}(z) \varphi ' (z) + \psi_{2}'(z)\bigr)f'_{n}\bigl( \varphi (z)\bigr) + \psi_{2}(z)\varphi ' (z)f''_{n}\bigl(\varphi (z)\bigr) \bigr\vert \\ & \quad \leq C \biggl(\frac{(\Im z)^{\alpha }}{(\Im \varphi (z))^{1/p}} \bigl\vert \psi _{1}'(z) \bigr\vert + \frac{(\Im z)^{\alpha }}{(\Im \varphi (z))^{1 + 1/p}} \bigl\vert \psi _{1}(z)\varphi ' (z) + \psi_{2}'(z) \bigr\vert \\ & \quad \quad {} + \frac{(\Im z)^{\alpha }}{(\Im \varphi (z))^{2 + 1/p}} \bigl\vert \psi _{2}(z)\varphi ' (z) \bigr\vert \biggr) \Vert f_{n} \Vert _{H^{p}(\Pi^{+})} \\ & \quad < C \varepsilon . \end{aligned}$$ \end{document}$$
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Then, by the preceding and ([38](#Equ38){ref-type=""}), for every $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} &(\Im z)^{\alpha } \bigl\vert \psi_{1}'(z)f_{n} \bigl(\varphi (z)\bigr)+\bigl(\psi_{1}(z)\varphi ' (z) + \psi_{2}'(z)\bigr)f'_{n}\bigl( \varphi (z)\bigr) + \psi_{2}(z)\varphi ' (z)f''_{n}\bigl( \varphi (z)\bigr) \bigr\vert \\ & \quad \leq (\Im z)^{\alpha } \bigl\vert \psi_{1}'(z) \bigr\vert \max_{w \in K } \bigl\vert f_{n}(w) \bigr\vert + ( \Im z)^{\alpha } \bigl\vert \psi_{1}(z)\varphi ' (z) + \psi_{2}'(z) \bigr\vert \max _{w \in K } \bigl\vert f'_{n}(w) \bigr\vert \\ &\quad \quad {} + (\Im z)^{\alpha } \bigl\vert \psi_{2}(z)\varphi ' (z) \bigr\vert \max_{w \in K } \bigl\vert f''_{n}(w) \bigr\vert \\ & \quad \leq M_{1}\bigl(\Im \varphi (z)\bigr)^{1/p} \max _{w \in K } \bigl\vert f_{n}(w) \bigr\vert + M _{2}\bigl(\Im \varphi (z)\bigr)^{1 + 1/p}\max _{w \in K } \bigl\vert f'_{n}(w) \bigr\vert \\ &\quad \quad {} +M_{3}\bigl(\Im \varphi (z)\bigr)^{2 +1/p}\max _{w \in K } \bigl\vert f''_{n}(w) \bigr\vert \\ &\quad \leq M_{1}\max_{w \in K } (\Im w)^{1/p} \max _{w \in K } \bigl\vert f_{n}(w) \bigr\vert + M_{2}\max_{w \in K } (\Im w)^{1 + 1/p}\max _{w \in K } \bigl\vert f'_{n}(w) \bigr\vert \\ &\quad \quad {} +M_{3}(\Im w)^{2 +1/p}\max_{w \in K } \bigl\vert f''_{n}(w) \bigr\vert \\ &\quad < 3\varepsilon . \end{aligned}$$ \end{document}$$
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                \begin{document}$$ f_{n}(z) = \frac{(\Im w_{n})^{2 - 1/p}}{\pi^{1/p}(z - \overline{w} _{n})^{2}} - 4i \frac{(\Im w_{n})^{3 - 1/p}}{\pi^{1/p}(z - \overline{w}_{n})^{3}} - 4 \frac{(\Im w_{n})^{4 - 1/p}}{\pi^{1/p}(z - \overline{w}_{n})^{4}}. $$\end{document}$$ Then by using ([22](#Equ22){ref-type=""}) and some simple estimates it is easy to see that $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \Vert T_{\psi_{1}, \psi_{2},\varphi }f_{n} \Vert _{\mathcal{B}^{\alpha }(\Pi ^{+})} &\geq (\Im z_{n})^{\alpha } \bigl\vert \psi_{1}'(z_{n})f_{n} \bigl(\varphi (z_{n})\bigr) +\bigl(\psi_{1}(z_{n}) \varphi ' (z_{n})+ \psi_{2}'(z_{n})\bigr)f'_{n} \bigl(\varphi (z_{n})\bigr) \\ &\quad {} + \psi_{2}(z_{n}) \varphi ' (z_{n})f''_{n} \bigl(\varphi (z_{n})\bigr) \bigr\vert \\ & = \frac{(\Im z_{n})^{\alpha }}{8\pi^{1/p}(\Im \varphi (z_{n}))^{2 + 1/p}} \bigl\vert \psi_{2}(z_{n})\varphi ' (z_{n}) \bigr\vert . \end{aligned}$$ \end{document}$$ From ([42](#Equ42){ref-type=""}) and ([43](#Equ43){ref-type=""}) we obtain $$\documentclass[12pt]{minimal}
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By considering families of functions $$\documentclass[12pt]{minimal}
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